Unlike Stockmayer fluids, that prove to undergo gas-liquid transition on cooling, the system of dipolar hard or soft spheres without any additional central attraction so far has not been shown to have a critical point. Instead, in the latter, one observes diverse self-assembly scenarios. Crosslinking dipolar soft spheres into supracolloidal magnetic polymer-like structures (SMPs) changes the self-assembly behaviour. Moreover, aggregation in systems of SMPs strongly depends on the constituent topology. For Y-and X-shaped SMPs, under the same conditions in which dipolar hard spheres would form chains, the formation of very large loose gel-like clusters was observed [Journal of Molecular Liquids, 271, 631 (2018)]. In this work, using molecular dynamics simulations, we investigate self-assembly in suspensions of four topologically different SMPs -chains, rings, X and Y -monomers in which interact via Stockmayer potential. As expected, compact drop-like clusters are formed by SMPs in all cases if the central isotropic attraction is introduced, however, their shape and internal structure turn out to depend on the SMPs topology. arXiv:1912.01314v1 [cond-mat.soft] 
I. INTRODUCTION
Dipolar interactions alone seem to not lead to the classical vapour-liquid phase transition in systems of spherical magnetic particles [1] [2] [3] [4] [5] [6] [7] [8] [9] . Instead, magnetic dipole-dipole interaction is responsible for extensive selfassembly phenomenon. Thorough investigations of dipolar systems carried out for more than 30 years showed that the most probable cluster topologies observed in dipolar hard sphere systems are chains, rings, Y-and Xjunctions [10] [11] [12] . On decreasing temperature and growing concentration, those structures of magnetic particles form loose networks [8, 13] .
Modern experimental techniques allow the stabilisation of dipolar clusters by polymer crosslinking, forming supracolloidal magnetic polymer-like structures [14] [15] [16] [17] . In general, the behaviour of chain-like magnetic SMPs has been actively investigated in experiment [18] [19] [20] [21] , theory [22] [23] [24] and coarse-grained computer simulations [25] [26] [27] [28] . All these works agree that SMPs represent a promise for potential medical and microfluidics application [29, 30] . In a recent study, we generalised the analysis of SMPs to the rest of basic structures formed by self-assembly of dipolar spheres [31, 32] . The interest to study rings-, X-and Y-like SMPs is twofold. First, once synthesised, such structures can be useful building blocks for novel magnetic soft materials. Second, they offer a new approach to the theoretical study of selfassembled structures. In-silico investigations [32] showed basically no self-assembly in suspensions of ring-shaped SMPs; chain-like SMPs formed linear clusters, whose size distribution exhibited an exponential decay. In contrast, Y and X SMPs form very large but rather loose clus-ters with up to 90 per cent of system SMPs connected in them. Such clusters can be considered as precursors for a phase transition. These results agree well with the phase behaviour observed for patchy particles of different valency [33] , where the authors show that the gas-liquid critical point shifts towards lower temperature if the valency decreases. In fact, linear SMPs can be associated with the patchy particles of valency two, whereas Y-and X-like SMPs exhibit behaviour analogous to patchy particles with valency three and four, respectively. Another actively studied system whose behaviour is largely defined by dipole-dipole interactions is Stockmayer fluid. Additionally to dipolar forces, Stockmayer particles experience short-range isotropic attraction. The properties of these systems were investigated in detail by many authors and it was found that Stockmayer fluid undergo vapour-liquid phase transition on cooling and concentration increase [34] [35] [36] [37] [38] . Thus, colloidal particles form compact isotropic clusters.
The idea of the present study is to combine our knowledge about self-assembly of SMPs and Stockmayer fluids and elucidate the self-assembly of SMPs of different topologies, when magnetic particles (SMP monomers) composing them experience an additional central attraction.
The structure of the manuscript is the following. First, we introduce the model and describe methods. When discussing results, we start with discussing macroscopic characteristics, such as cluster size distributions and cluster shape description. In order to explain the differences brought up by topology into the cluster shape, as the next step, we study the structure of clusters and report the orientation of individual SMPs, as well as their dipole moments in the cluster. Next, we go down to the particle (monomer) resolution and analyse the neighbourhoods of monomers in the cluster and monomer dipolar orientations. Finally, we compare the properties of the clusters formed by SMPs to those found in a non-crosslinked Stockmayer fluid.
II. MODEL AND SIMULATION DETAILS
For modelling a dispersion of SMPs, we used a beadspring model with a system of reduced units. We assume that a SMP consists of monodisperse ferromagnetic spherical particles of diameter σ = 1 and mass m = 1, with a permanent magnetic moment represented by a point dipole, µ, placed in the particle centre. The long-range magnetic interaction between any pair i, j of magnetic particles (SMP monomers) is described by the dipole-dipole potential:
where µ i and µ j are their respective dipole moments, r ij = r i − r j is the displacement vector connecting their centres and r = | r ij |.
To model the central attraction between the monomers of SMP, Lennard-Jones potential is used that, considering σ = 1 and setting energy scale to unity, can be written as:
The bonding between crosslinked monomers within every polymer is modelled as a pair potential with two terms. The first term is a simple harmonic spring whose ends are attached to the monomer surfaces, as shown in Fig. 1 (a) . The spring attachment points are placed at the projection points of the head and the tail of the central dipole moment. The second term corresponds to a FENE potential that limits the maximum extension of the bond. Therefore, the bonding potential is defined as:
where K is the energy scale of the interaction,μ i = µ i / | µ i | andμ j = µ j / | µ j | are the unitary vectors parallel to each associated dipole moment and r 0 is the maximum allowed extension for the bond. We take K = 30 and r 0 = 1.5 in reduced units in accordance with our previous studies [31, 39] . We performed molecular dynamics simulations in the canonical ensemble, using a Langevin thermostat in order to approximate implicitly the effects of the thermalμ . The initial simulation box contained 512 identical magnetic polymers with size either L = 10 for chain-like, Y-like and ring-like SMPs or L = 9 for X-structures in their basic configurations as shown in Figure 1 (b)-(e). The dimensionless reduced concentration of monomers was always fixed to ρ * = N σ/V = 0.05, where the number of monomers, N , and the volume of the simulation box, V , are identical for all but X-like SMPs. SMPs were initially placed parallel to each other at random positions. Magnetic moment of each monomer µ in dimensionless units was fixed so that µ 2 = 5. The system was first equilibrated at high T = 4 to assure random initial configuration before switching on magnetic interactions and central attraction. Afterwards, before the production runs were performed, the system was re-equilibrated at T = 1 for 9 · 10 5 integration steps, using a time step δt = 5 · 10 −3 . Finally, a production cycle of 3 · 10 6 steps was performed, in which the system configurations were measured at intervals of 10 5 steps. Both the starting point and the length of the production cycle were chosen so that the total energy of the system has reached the constant value and started fluctuating around its mean value by less then five per cent already before the starting point and kept this property throughout the production. The long range magnetic interactions were calculated using the dipolar-P 3 M algorithm [41] . A typical simulation snapshot during the production is presented in Fig. 2 . This very snapshot is taken from the system of Y-like SMPs, but it is impossible to visually spot the difference between the snapshots taken from other suspensions. It can be seen that the system is composed by quasi-spherical aggregates containing multiple SMPs. Besides this apparent overall resemblance, we want to determine whether the clusters have the same internal structure independently from the SMPs topol- ogy. For this we performed systematic cluster analysis of the obtained aggregates. In all cases we identify the non permanent connections between the monomers by means of a combination of distance or distance and energy criteria. In both cases the two monomers are considered to be connected if their centre-to-centre distance is smaller than r ij ≤ 2 1/6 ; in the second case, additionally their dipole-dipole pair energy, given by expression 1, U dd ( r cut ; µ 1 , µ 2 ) < 0, should be negative.
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III. RESULTS AND DISCUSSIONS
In order to thoroughly investigate the internal structure of the clusters we will increase the resolution step by step from individual clusters, through SMPs within them to monomers. In other words, first, the cluster shapes for each SMP topology will be analysed. Next, we will study the orientation and positioning of individual SMPs within clusters and the orientations of their magnetic moments. Finally, going to the individual particle level, we will elucidate the neighbourhoods of monomers and the orientations of their dipole moments within the clusters.
A. Cluster distributions and shapes
The size-distribution of clusters formed by chain-like SMPs ranges between 20 and 300 SMPs per cluster, with the maximum around 30. The clusters made of other SMP topologies have size distributions that are more narrow than for the case of chains and all of them range between 10 and 140. The maxima of the cluster size distributions, in case of Y-, X-and ring-like SMPs, occur in the same region as for clusters formed by chain-like SMPs, around 30. It is worth noting that below all results are obtained through averaging over all clusters independently from their size. Such an approach is validated not only by the increased statistics, but also by the following fact: the comparison between the aforementioned averaging procedure and the averaging in which only overlapping size regions near distribution maxima (between 20 and 50 for all SMPs topologies), does not reveal any qualitative changes in the results.
As discussed above, visual inspection of Fig. 2 does not reveal any differences between clusters formed by different SMPs. Zoomed-in clusters with the size near maximum of the distribution are shown in Fig. 3 that consists of four columns. Each column corresponds to the topology of cluster-forming SMPs. In the upper row all monomers in the clusters visualised, whereas in the lower row we see only several selected SMPs while all other monomers are transparent and are only represented by their dipole moments. Looking at these clusters in the upper row and taking into account that all four of them are composed by approximately the same number of SMPs it seems that they have a slightly different shape. In order to quantify these differences we calculate two shape descriptors: the asphericity and the relative shape anisotropy. The asphericity b is defined by
where λ 1 (2, 3) are eigenvalues of the gyration tensor of a cluster. Parameter b = 0 if the distribution of particles is spherically symmetric. In Fig. 4 we plot the histograms that show the fraction of clusters formed by each SMP topology with a given value of b. Clearly, none of the formed clusters is perfectly spherical. The histograms which exhibit maximum close to zero are those for Xand Y-shaped SMP clusters as seen in Figs. 4c and 4b correspondingly. The histogram for clusters formed by chain-like SMPs (Fig. 4a ) has a clear maximum at b = 2 and a secondary maximum around 5. There are basically no clusters formed by chain-like SMPs with b > 7. It is different for clusters formed by SMPs of any other topology: one can find several clusters with asphericity up to 12. The broadest distribution and the lowest sphericity can be found for clusters formed by ring-like SMPs, as shown in Fig. 4d . In order to shed more light on the shape of SMPs clusters we look at their relative shape anisotropy κ 2 . It is defined as
and it is bounded between zero and one. κ 2 = 0 only occurs if all particles are distributed spherically symmetric with respect to the centre of mass of the cluster, and κ 2 = 1 only occurs if all particles lie on a line. We plot the resulting histograms in Fig. 5 . From all four subfigures one can immediately conclude that none of the clusters shows a tendency to elongate. As it can be seen, for clusters formed by chain-like SMPs (Fig. 5a ), the anisotropy shows the narrowest distribution with a clearly pronounced maximum for values 0.04 < κ 2 < 0.06. For clusters formed by Y-like SMPs, Fig. 5b the maximum of the distribution is situated in nearly the same place, however the distribution seems to be broader. We find a rather broad distribution also for clusters formed by X-like and ring-like SMPs (Figs. 5c and 5d ), though with one difference: the distri- bution for clusters of ring-like SMPs is almost bimodal. The latter agrees well with the distribution of asphericity provided in Fig. 4d , where one can find a fraction of clusters whose asphericity is 10 < b < 13.
So far, the outcome of our analysis can be summarised as follows. There are differences in the overall shape of clusters formed by SMPs with different topology. The differences are not large, but still significant. Moreover, the largest similarities are observed between clusters formed by Y-like and X-like SMPs, whereas those formed by chains and rings have clearly different shape characteristics. The next step is to explain observed features and look inside different clusters.
B. Clusters inside: SMP level
First we address the orientation of SMPs within the clusters. Let us calculate the main axis of a SMP inside a cluster. It can be obtained as the eigenvector corresponding to the largest eigenvalue of the SMP gyration tensor. The next step is to calculate the vector, connecting the centre of mass of the cluster to that of a SMP. After that, one can define the angle α between the latter vector and SMP main axis. Average value of this angle will characterise different orientations of SMPs within the clusters. In case the structure of the cluster is onion-like, aforementioned angle α should be close to π/2, i.e. the major part of SMPs is oriented tangentially. On the other hand, if α ∼ 0, it means that SMPs are oriented radially. In Fig. 6 , we plot the fraction of SMPs with a given topology as a function of cos α. The plots are symmetric with respect to zero, that is why we show the data from 0 to 1. It is rather surprising that obtained distributions exhibit much clearer differences depending on the topology in comparison to shape characteristics studied in the previous section. It turns out that the chain-like SMPs ( Fig. 6a) can have practically any orientation inside the clusters with only mild preference to radial orientation. This finding clearly indicates that chain-like SMPs do not form onion-like clusters. Actually, the only clusters that have an onion-like structures are those formed by rings. The distribution in Fig. 6d is the only one that shows no maximum at cos α = 1. From Figs. 6b and 6c we can conclude that both Y-like and X-like SMPs with higher probability form onion-like clusters, however, there can be also seen the secondary maximum corresponding to radial orientation. With this information at hand, visual examination of the lower row of Fig. 3 can reveal the same tendency: the clusters formed by ring-like SMPs have an onion internal structure, whereas X-and Y-like SMPs have mixed orientations with light preference towards tangential orientation. Most uniform orientation distribution can be found inside clusters formed by chainlike SMPs. Another interesting question is whether the orientation of an SMP inside the cluster is correlated with the orientation of its total dipole moment. So, as a second step, we computed the relative net magnetic moment of each SMP, M , according to:
Analogously to α, one can define angle β between M of an SMP and the vector, connecting centres of mass of cluster and current SMP. In Fig. 7 we plot the fraction of SMPs, whose magnetic moment forms angle β with the vector connecting its centre of mass and the centre of mass of a cluster. Similar to Fig. 6 , here maximum at unity means the predominance of the radial orientation of M inside the cluster, whereas maximum at zero means the predominance of tangential orientation. Interestingly enough, Figs. 7a -7c show that the orientation only weakly depends on the topology of SMPs: all the distributions monotonically decrease with growing cos β, albeit for clusters made of Y-like SMPs the decay is weaker than for the others. The only uniform distribution of the dipole moment orientation can be found inside cluster made by ring-like SMPs, as seen in Fig. 7d . However, one should keep in mind that the net dipole moment of a ring-like SMP is close to zero. As a result, one would not expect any kind of correlations between net dipoles of ring-like SMPs.
Summarising this part of the analysis, we can say that the internal orientation of the SMPs in the formed clusters depends on their topology. Chain-like SMPs interlace and can have basically a random orientation inside the cluster, with high probability they can penetrate from surface to the centre of the cluster radially or as well oriented tangentially to the cluster surface. The rings, instead, do not mix and form clusters with onion structure and it is rather rare to find a ring oriented with its main axis radially inside the cluster. Y-like and X-like SMPs also have a preference to be tangential to the cluster surface, however both topologies might also acquire radial orientation. The orientation of the net SMP dipole moment in clusters formed by all but ring-like SMPs is predominantly tangential and the probability of an orientation decreases monotonically, approaching the radial one. We find that for chain-, Y-and X-like SMPs, the probability of their dipoles to be oriented radially is at least twice lower than that of a tangential one. As for ring-like SMPs, their net dipole moment is infinitesimally small, as a result we find no preferred orientation of M in this case.
C. Clusters inside: monomer level
After having investigated the orientations of SMPs net magnetic moments, we look at individually magnetic moments µ of monomers inside the clusters. In order to do that, for each monomer, we calculated the angle, γ, between µ and the vector connecting the centre of the monomer to the centre of mass of the cluster. The results are presented in Fig. 8 . Here, it becomes clear that independently from the SMP topology, monomers in them have a preference to orient tangentially inside the clusters. This is an outcome of the optimisation of dipolar interactions. Topology of an SMP can slightly enhance or inhibit the tendency to be oriented tangentially. Thus, for chain-like SMPs shown in Fig. 8a , the ratio between the fraction of monomers oriented tangentially and radially is larger than two, for monomers in X-like SMPs this ratio is slightly smaller than two (Fig.  8c ). If one calculates the same ratio for monomers in Y-like and ring-like SMPs (Figs. 8b and 8d respectively) it will be around 40 per cent, i.e. much smaller than for other two topologies. Turning again to the lower row in Fig. 3 , one can now indeed notice that the dipoles form vortexes.
As indicated by Fig. 9 , where we plot the fractions of monomers with a given number of nearest neighbours, on the level of monomers all clusters are relatively dense. Light asymmetry of the plots does not affect the main conclusion. In order to understand if monomers in various SMPs in the clusters are mainly connected to monomers from different SMPs or to monomers of the SMP they belong to, we calculated how many nonpermanent bonds inside one SMP can be found. In other words, for each monomer, we calculated how many neighbours it has that belong to the same SMP and are not precrosslinked ones. The results are shown in Fig. 10 . Here, one can notice again the influence of SMP topology. Thus, monomers in chain-like SMPs, see Fig. 10a , are not likely to have non-permanent neighbours within one SMP, whereas for Y-, X-and ring-like SMPs (Figs.  10b -10d) , the probability of self-touching is higher, albeit still not significant. The fraction of such neighbours point to low degree of SMP folding inside the clusters, that is the result of the dipolar forces that favour headto-tail orientations of monomer dipoles and the coupling between dipolar orientation with the structure backbone. The most likely to have self-contacts are X-like SMPs due to the fact that they have the shortest arms and the highest induced monomer proximity by design. In order to quantitatively characterise spatial monomer distribution and rule out the possibility of crystallisation, we calculated the order parameters for all clusters and SMPs topologies:
where Y lm are spherical harmonics of the respective order, lm, and angles θ and φ are correspondingly azimuthal and polar angles of a bond between two neighbouring monomers inside the cluster, characterised by a vector r, in a lab reference frame. The function Q lm ( r) is averaged over all bonds in the cluster, then over all clusters and, finally, over all snapshots:
The resulting cumulant Q l ,
is plotted in Fig. 11 in the form of histograms for all four SMPs topologies. It is known that based on Q l distribution, one can distinguish between different crystalline ordering in the system [42] . Looking at the histograms obtained for SMP clusters, we can safely conclude that they evidence no crystalline structure, as the values of Q l are not only very low (below those found for supercooled Lennard-Jones liquid in Ref. [42] ), but also decay monotonically with l. Summarising this subsection we can say that on the monomer level the cluster structure is basically the same independently from the topology of the SMPs that form them. The only notable difference occurs on the level of SMP self-contacts inside the cluster, thus chain-like SMPs never self touch and so, the clusters will show the highest degree of mixing, whereas X-like SMPs are forming contacts inside themselves, thus presumably leading to less stable clusters, if any external force is to be applied.
D. Comparison to the Stockmayer fluid with non-crosslinked monomers
The final step in analysing the influence of permanent crosslinkers on the structure of clusters formed in Stockmayer systems, is to compare the properties of SMP clusters to that of non-crosslinked Stockmayer monomers. In order to make a fair comparison, we perform simulations of the Stockmayer system of independent monomers, whose size, dipole moment and volume fraction coincide with their counterparts in simulations of SMPs: σ = 1, µ 2 = 5 and ρ * = 0.05. Moreover, the simulations for this system were equally long as the simulations with SMPs. It is worth mentioning that with this parameters, the system corresponds to the metastable area of T − ρ-phase diagrams [35, 43] . Thus, the clusters we see, are indeed, only the precursors of phase separation. In Fig. 12 , we present a characteristic snapshot of such clusters formed by non-crosslinked dipolar monomers. Even a visual comparison of this system to Fig. 2 shows that the clusters are bigger and they are less. In fact, the number of the clusters decreases by the factor of two once the monomer crosslinkers were removed, whereas the size distribution lays between 100 and 2300 monomers, in comparison to Y-like SMPs, in which the largest observed cluster contains 1430 monomers. As mentioned in Section I, the largest clusters observed in simulations of Stockmayer SMPs were found for chains: the biggest observed cluster contained 270 SMPs (2700 monomers), but all others had no more than 110 SMPs.
Looking at Fig. 13 , where, for the clusters formed in Stockmayer fluid, we plot the asphericity histogram in (a), the histogram for cos γ -in (b) and the histogram of the total amount of nearest neighbours each monomer has in the cluster -in (c), we notice the similarities in the properties of the monomers in the clusters here and (to be compared to Fig. 4 ); (b) cos γ (to be compared to Fig. 8 ); (c) the histogram of the total amount of nearest neighbours each monomer has (to be compared to Fig. 9 ).
of those in clusters formed by chain-like SMPs. Thus, for example, if one compares Fig. 13a and Fig. 4a , the asphericity has two close but distinct maxima. On the other hand, the overwhelming tendency of monomers to align tangentially seem to be even stronger in a noncrosslinked state, compare Fig. 13b and Fig. 8a . Finally, the number of nearest neighbours each monomer has, Fig. 13c , shifts towards lower values in comparison to the histogram plotted in Fig. 9a : the absence of permanent crosslinkers results in overall loosening of the clusters.
To summarise this part, one can say that permanent crosslinkers lead to smaller and more compact clusters in Stockmayer systems, but do not prevent the monomers to orient tangentially inside the clusters.
IV. CONCLUSION
In the present study we investigated the effect of the SMP topology on their self-assembly driven by anisotropic magnetic dipolar and central attraction interactions. The process of self-assembly in these systems, in contrast to non-crosslinked monomers, is a competition not only between the two aforementioned interactions, but also the result of a specific initial monomer crosslinking.
We show that the crosslinking does not change the main tendency of a Stockmayer fluid to phase separate. Thus, the overall shape of clusters weakly depends on the topology of the constituent SMPs. After having studied asphericity and anisotropy characteristics of the aggregates we found the following tendencies. All of them have a modest degree of anisometry. The lowest asymmetry is exhibited by clusters made of Y-like and X-like SMPs. The clusters formed by ring-like SMPs, in contrast, can assume a very broad range of shapes.
Increasing the resolution of the analysis, we studied the orientations of SMPs inside the clusters. It turned out that on this level the influence of the topology is the strongest. Chain-like SMPs mix with each other when forming clusters. This way, they might have almost any orientation inside the cluster. Ring-like SMPs, on the contrary, are preferably oriented tangentially to the cluster surface, thus, forming clusters with onion-like structure. Inside the clusters formed by Y-like and X-like SMPs one finds tangentially oriented building blocks with higher probability than radially oriented ones. However, the portion of SMPs with the latter orientation is not negligible. More uniformity is found when looking at the orientation of the net SMP magnetic moment: in case of clusters formed by chain-, Y-and X-like SMPs more than 60 per cent of the dipoles are oriented tangentially. The net magnetic moment of ring-like SMPs is a vanishing quantity, that is why their orientations are not well defined.
If focusing at monomers and their neighbourhood, we found that the SMPs that have more contacts with others are chain-like ones. The induced proximity of the monomers within X-like SMPs lead to the presence of bonds inside the same SMP, and as such slightly decreasing the overall number of non-permanent bonds a monomer forms in the cluster.
Finally, we compared the properties of clusters formed by different SMPs to those of clusters formed in a non-crosslinked Stockmayer fluid with the same dipolar strength and magnetic monomer concentration. These parameters correspond to a metastable state below the gas-liquid critical point. It turns out that non-crosslinked monomers under the same conditions as SMPs form much larger clusters. However the alignment of magnetic moments in them is similar to that in the clusters formed by chain-like SMPs. In general, the shape of the clusters and the number of nearest neighbours each monomer has in them for the non-crosslinked system are similar to their counterparts for the system of chain-like SMPs. The latter has the lowest degree of crosslinking, thus, underling the impact of SMPs topology.
The differences between the clusters formed by SMPs of different topology, observed in this study, will have an impact on magnetic response of these systems. Moreover, the rheological properties, such as the behaviour of a cluster in a shear flow, will be also affected by the internal orientations of SMPs as well as the overall cluster anisotropy. These questions form the basis for our future investigations.
